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MODULI OF DISTRIBUTIONS VIA SINGULAR SCHEMES
MAURI´CIO CORREˆA, MARCOS JARDIM, AND ALAN MUNIZ
Abstract. Let X be a smooth projective variety with Pic(X) ≃ Z. We show that the map that
sends a codimension one distribution on X to its singular scheme is a morphism from the moduli
space of distributions into a Hilbert scheme. We describe its fibers and, when X = Pn, compute
them via syzygies. As an application, we describe the moduli spaces of degree 1 distributions
on P3. We also give the minimal graded free resolution for the ideal of the singular scheme of a
generic distribution on P3.
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1. Introduction
Let X be a smooth projective variety over an algebraically closed field κ of characteristic 0. A
codimension r distribution F on X is given by an exact sequence
F : 0 −→ TF
φ
−→ TX
pi
−→ NF −→ 0,
where TF is a reflexive sheaf of rank m := dim(X)− r, and NF is a torsion free sheaf, respectively
called the tangent and the normal sheaves of F . Two distributions F and F ′ are said to be
isomorphic if there exists an isomorphism β : TF → TF ′ such that φ′ ◦ β = φ. Moreover F is
called a foliation if TF ⊂ TX is integrable in Frobenius’ sense i.e. it is invariant under the Lie
bracket, [TF , TF ] ⊂ TF .
The theory of distributions and foliations has its origins in the studies of nineteenth-century
mathematicians such as Grassmann, Jacobi, Clebsch, Cartan and Frobenius. They were motivated
by the fundamental work due to Pfaff, who proposed a geometric approach to the study of differ-
ential equations, see [17, Chapter III]. The qualitative study of foliations induced by polynomial
differential equations was investigated by Poincare´, Darboux, Painleve´. In modern terminology,
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this corresponds to the study of codimension one holomorphic foliations on complex projective
spaces. The classification and description of spaces of codimension one foliations on projective
spaces, which are of induced by polynomial differential 1-forms, have been initiated by Jouanolou
[22] (degrees 0 and 1) and Cerveau and Lins Neto [9] (degree 2). This is still a very active area of
research.
A systematic study of (not necessarily integrable) distributions was more recently initiated in [4].
The authors showed that there exists a quasi-projective moduli scheme DP (X) that parametrizes
isomorphism classes of distributions on X for which the Hilbert polynomial of TF is equal to P ;
a more detailed description of DP (X) is given in Section 2 below, where we also address some
technical issues. In addition, they proved that there exists a the forgetful morphism
̟ : DP −→MP , ̟([F ]) := [TF ],
whereMP denotes the moduli space of stable reflexive sheaves with the same Hilbert polynomial P .
This technique was successfully applied to the description of certain moduli spaces of distributions,
see [4, Section 11].
However, this approach is limited by the assumption that the tangent sheaf is stable. Such
hypothesis fails, for instance, when TF splits a sum of line bundles. Furthermore, even then TF
is stable, the geometry of the moduli space MP may not be well understood.
The aim of this work is to establish the existence of a morphism from the moduli space of the
distributions DP to a Hilbert scheme
(1) Σ: DP −→ HilbQ, Σ([F ]) := [Sing(F )],
where the polynomial Q is determined by P , see Theorem 3.2 below.
The advantage of the morphism DP (X)→ HilbQ(X) vis-a`-vis the morphism ̟ : DP → MP is
that the former always exists, while the latter requires the stability of the tangent sheaves.
Two important problems in the theory of holomorphic distributions are related to properties of
the morphism Σ:
(a) determination of the distributions by their singular schemes←→ the injectivity of the map
Σ;
(b) construction of distributions with prescribed singular schemes←→ surjectivity of the map
Σ.
Problem (a) was considered by Gomez-Mont and Kempf [18] for foliation by curves in projective
spaces, with reduced, zero dimensional singular schemes. Campillo and Olivares showed in [7]
that when the hypothesis that the singular scheme is reduced may be removed. Correˆa and
Araujo [1] have provided sufficient conditions for distributions of arbitrary dimension to be uniquely
determined by their singular schemes.
On the other hand, Problem (b) was first considered by Campillo and Olivares in [6] in order to
understand under which conditions a subscheme of P2 can be the singular subscheme of a foliation;
they provided a Cayley–Bacharach type theorem for codimension one foliations on P2. The same
problem for the case of codimension one foliations in P3 also has been proposed by Cerveau in [8].
Our first main result, proved in Sections 3 and 4, provides a description of the space of codi-
mension one distributions with fixed singular scheme as well as an obstruction to the existence of
distributions with prescribed singular scheme.
Main Theorem 1. Let X be a smooth projective scheme over an algebraically closed ground field
κ of characteristic 0 with Pic(X) = Z. Let DP be the moduli scheme parametrizing isomorphism
classes of codimension one distributions on X with tangent sheaves having Hilbert polynomial equal
to P . For any F ∈ DP (X), the fiber of the morphism Σ, parameterizing distributions with singular
scheme equal to Z ∈ HilbQ is a Zariski open subset of P
(
H0(Ω1X(c)⊗ IZ)
)
for some integer c.
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When X = Pn and Z is not contained in a hypersurface of degree less than or equal to d, then
H0(Ω1
Pn
(d + 2) ⊗ IZ) is isomorphic to the space of linear first syzygies of the homogeneous ideal
associated with Z.
As a first application of Main Theorem 1, we consider generic codimension one distributions on
Pn, that is, those distributions with 0-dimensional singular schemes. It was proved in [1, Theorem
1.4] that if d ≥ n, then a generic distribution degree d on Pn with zero dimensional singularities
is determined by its singular scheme; however, a careful reader will notice that their argument
works in greater generality; in fact, it holds for every d and n, except for d = 1 and n = 2, 3.
Degree 1 distributions (foliations) on P2 are not determined by their singular schemes, as one can
easily define non isomorphic foliations with three nondegenerate singularities in general position,
see [5, p. 882]. For n = 3 we will use our syzygetic approach to describe distributions with a given
0-dimensional singular scheme.
Main Theorem 2. Let F be a degree d ≥ 1 distribution on P3. If Z = Sing(F ) is zero-
dimensional then the homogeneous ideal I(Z) has minimal graded free resolution given by
0 −→ S(−3d− 2) −→ S(−2d− 1)4 ⊕ S(−d− 2) −→ S(−d− 1)4 ⊕ S(−2d) −→ I(Z) −→ 0
where S = κ[x0, . . . , x3]. Moreover, the space of distributions singular at Z has dimension 4 if
d = 1 and, if d ≥ 2 then F is the unique degree d distribution singular at Z.
In particular, we obtain the following corollary.
Corollary 1. Let F be a degree d distribution on Pn with isolated singularities. If (d, n) /∈
{(1, 2), (1, 3)} then F is determined by its singular scheme.
Main Theorem 1 can also be used to give a full description of all the irreducible components
of the moduli space of isomorphism classes of codimension one distributions of degree 1 on P3. A
classification of such distributions was given in terms of the possible Chern classes of the tangent
sheaf TF . In fact, it was shown that Sing(F ) is never planar, and TF either splits as a sum of
line bundles or is µ-stable; the relevant information is summarized in Table 1.
c2(TF ) c3(TF ) TF Sing(F )
3 5 stable 5 points
2 2 stable line and 2 points
1 1 stable conic and 1 point
0 0 split twisted cubic
Table 1. Classification of codimension one distributions of degree 1 on P3, ac-
cording to [4, Section 8]; the last column describes the singular scheme of a generic
distribution whose tangent sheaf has the corresponding Chern classes.
Let D(a, b) denote the moduli space of degree 1 distributions F such that (c2(TF ), c3(TF )) =
(a, b). We prove:
Main Theorem 3. For each possible pair (a, b), the moduli space D(a, b) is an irreducible, smooth
quasi-projective variety. In addition:
• the image of the morphism Σ: D(0, 0)→ Hilb3t+1(P3) is an open subset of the aCM com-
ponent of Hilb3t+1(P3), and its fibres are open subsets of P1; dimD(0, 0) = 13.
• the morphism Σ: D(2, 2)→ Hilbt+3(P3) is dominant, and its fibres are open subsets of P5;
dimD(0, 0) = 15.
4 MAURI´CIO CORREˆA, MARCOS JARDIM, AND ALAN MUNIZ
• the image of the morphism Σ: D(1, 1) → Hilb2t+2(P3) is an open subset of the non pure
component of Hilb2t+2(P3), and its fibres are open subsets of P1; dimD(0, 0) = 14.
Further detailed information about the moduli spaces, the image of the morphism Σ as well as
its fibres can be found in the Theorems 5.1, 5.2, 5.3 below. The proof of smoothness uses technical
lemmata established in the Appendix A and which might be of independent interest.
We point out that the fact that D(1, 1) is an irreducible, smooth quasi-projective variety of
dimension 14 was already established in [4, Proposition 11.2] by analyzing the corresponding
forgetful morphism. Let us also mention, for the sake of completeness, that D(3, 5), being the
moduli space of generic distributions of degree 1, is an open subset of P19.
Finally, we need to mention that the computations in this article were done, in part, with the
help of the computer algebra system Macaulay2 [19]. Besides speeding up the work, it was crucial
to building up intuition to achieve some of our results.
Acknowledgments. MC is supported by CNPq grant numbers 202374/2018-1, 302075/2015- 1,
400821/2016-8. MJ is supported by the CNPQ grant number 302889/2018-3 and the FAPESP
Thematic Project 2018/21391-1. We thank Renato Vidal Martins for his participation in the
initial stages of this project and many important discussions. We also acknowledge the financial
support from Coordenac¸a˜o de Aperfeic¸oamento de Pessoal de Nı´vel Superior (CAPES) under the
Finance Code 001.
2. Families of Distributions
Let κ be an algebraically closed field and let X be a smooth projective variety over κ. A
codimension r distribution F on X is given by an exact sequence
(2) F : 0 −→ TF
φ
−→ TX
pi
−→ NF −→ 0,
where TF is a coherent sheaf of rank m := dim(X)−r, and NF is a torsion free sheaf. The sheaves
TF and NF are called the tangent and the normal sheaves of F , respectively. Note that TF must
be reflexive [21, Proposition 1.1].
Two distributions F and F ′ are said to be isomorphic if there exists an isomorphism β : TF →
TF ′ such that φ
′ ◦β = φ. By taking exterior power
∧m φ : det(TF )→ ∧m TX , every codimension
r distribution induces a section of H0(X,
∧m
TX ⊗ det(TF )∨). If F and F ′ are isomorphic
distributions,
∧m
φ′ ◦ det(β) =
∧m
φ; but det(β) = λ for some constant λ ∈ κ∗ since det(TF ) ≃
det(TF ′) i.e.
∧m
φ′ = λ ·
∧m
φ. Therefore, every isomorphism class of codimension r distribution
on X induces an element in the projective space
P
(
H0
(
m∧
TX ⊗ det(TF )
∨
))
= P
(
H0(ΩrX ⊗ det(TX)⊗ det(TF )
∨)
)
.
The singular scheme of F is defined as follows. Consider the the dual morphism φ∨ : Ω1X → T
∨
F
.
Taking the maximal exterior power and a twist we obtain
ΩmX ⊗ det(TF ) −→ OX ;
the image of such morphism is the ideal sheaf IZ of a subscheme Sing(F ) := Z ⊂ X , called the
singular scheme of F .
Next, we examine the notion of a family of distributions parameterized by a scheme S of finite
type over κ. In fact, the authors of [28] and [4] have proposed two slightly different notions for a
family of distributions parameterized by S, namely:
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Definition 2.1. According to [28], a family of distributions parameterized by S is given by an
S-scheme X −→ S and a short exact exact sequence
0 −→ F −→ TXS −→ N −→ 0,
where TXS stands for the relative tangent sheaf. Moreover, the family is called flat over S if so is
N.
Definition 2.2. Let X be a smooth projective variety and let TXS denote the relative tangent
sheaf of X×κS −→ S. According to [4], a family of distributions on X parameterized by S is given
by a subsheaf φ : F →֒ TXS such that for each s ∈ S the restriction φs : F|s → TXs is injective
and coker(φs) is torsion free.
Throughout this work will stick with the later definition but, in fact, we can reconcile both
proposals. In order to achieve that we must make some technical considerations. Recall the
following consequence [16, Expose´ IV, p.81] of the Local Flatness Criterion, see also [21, p.35].
Lemma 2.3. Let (A,m) −→ (B, n) be a morphism of Noetherian local rings (mB ⊂ n) and let
u : M ′ −→M be a morphism of finitely generated B-modules. Suppose that M is flat over A. Then
the following are equivalent:
(1) u is injective and coker(u) is flat over A;
(2) u⊗ 1: M ′ ⊗A A/m −→M ⊗A A/m is injective.
Suppose that S and X are noetherian and X is flat over S. As any coherent sheaf N on X is
the quotient of a locally free sheaf,
0 −→ ker(φ) −→ E
φ
−→ N −→ 0.
Then Lemma 2.3 tells us that N is flat over S if and only if the sequence above base changes
correctly i.e. for every s ∈ S we have
ker(φ)|s ≃ ker(φs).
Note that we have only used that X is flat over S to imply that E being locally free (hence flat
over X) is also flat over S.
Proposition 2.4. A family of distributions according to Definition 2.2 is equivalent to a flat family
in Definition 2.1 such that X = X ×κ S.
Proof. Since X is trivially flat over Spec(κ) we know that X × S is flat over S since flatness has
base change property. Also note that both are noetherian since they are of finite type over κ. Now
TXS is a locally free sheaf on X × S hence flat over X × S and, by transitivity of flatness [20,
Proposition 9.1A], TXS is flat over S. Then we apply Lemma 2.3 to the morphism φ : F −→ TXS
to show that coker(φ) is flat over S if and only if φs : F|s −→ TXs is injective for every s ∈ S. 
Remark 2.5. Note that since TXS is flat over S, coker(φ) being flat implies that F is flat over
S as well. This follows from the long exact sequence of Tor sheaves.
3. Moduli of Distributions and Hilbert Schemes
We now recall the definition of the moduli space of distributions, which is based on the notion
of family of distributions explained in the previous section. Let X be a smooth projective variety
with Pic(X) ≃ Z and denote by OX(1) the ample generator. We will write OX(k), k ∈ Z, for its
tensor powers.
6 MAURI´CIO CORREˆA, MARCOS JARDIM, AND ALAN MUNIZ
Let Sch/κ denote the category of schemes of finite type over κ, and Sets be the category of
sets. Fix a polynomial P ∈ Q[t], and consider the functor
DistPX : Sch
op
/κ −→ Sets, Dist
P
X(S) := {(F,φ)}/ ∼,
where {(F,φ)} is the set of families of distributions on X , in the sense of Definition 2.2, and we
say that (F,φ) ∼ (F′,φ′) if there exists and isomorphism β : F→ F′ such that φ = φ′ ◦ β.
One can show that the functor DistPX is represented by a quasi-projective scheme D
P (X),
that is, there exists an isomorphism of functors DistPX
∼
−→ Hom( · ,DP (X)) [4, Proposition 2.4].
Furthermore, the scheme DP (X) is an open subset of the quot scheme QuotPTX−P (TX). This last
observation implies that the Zariski tangent space of DP (X) at the point [F, φ] is Hom(F, cokerφ)
and leads to the following smoothness criterion as an immediate consequence of [21, Proposition
2.2.8]
Proposition 3.1. Let [F ] ∈ DP (X) be the isomorphism class of a distribution on X. If
Ext1(TF , NF ) = 0, then DP (X) is smooth at [F ] and dimT[F ]D
P (X) = dimHom(TF , NF ).
Unfortunately, the vanishing condition Ext1(TF , NF ) = 0 is not satisfied by most of the codi-
mension one distributions of degree 1, treated in Section 5 below. For these examples we compute
the dimDP (X) and dimHom(TF , NF ) separately and show that they match.
We are finally in position to prove our first main result.
Theorem 3.2. Let X be a smooth projective scheme over an algebraically closed ground field
κ. Assume further that Pic(X) ≃ Z. Let DP (X) be the scheme parameterizing codimension one
distributions (up to isomorphism) on X with tangent sheaves having Hilbert polynomial equal to
P . Then there is a morphism
Σ: DP (X) −→ HilbQ(X),
where Q(t) := PX(t) − PTX(t + c) + P (t + c), for some c ∈ Z, which assigns each distribution to
its singular scheme.
Proof. We claim that there is a natural transformation between the functors DistPX and Hilb
Q
X. In
fact, for each S ∈ Schκ, we have that an element of Dist
P
X(S) is a morphism of sheaves
F
φ
−→ TXS
with F coherent on X × S, such that for each s ∈ S, the sequence
0 −→ Fs
φs
−→ TX −→ cokerφs −→ 0
is a distribution on X and Fs has Hilbert polynomial P . As Fs is of codimension 1 and X is
smooth, we have that cokerφs = IZs ⊗ Ls, where Zs is the singular scheme of Fs and Ls is a line
bundle on X . Thus Ls ∼= OX(−cs) since Pic(X) = Z.
Now, as the Hilbert polynomial of Fs does not depend on s, it follows that ds = d is constant.
So set I := cokerφ ⊗ p∗X(OX(c)). As I
∨∨ is locally free owing to [23, Lemma 6.13], and as
Pic(X) = Z, we have that (I∨∨)s ∼= OX for every s ∈ S. Therefore [26, Proposition p.85] shows
that I∨∨ = π∗N for some line bundle N on S.
On the other hand, tensoring with a line bundle from the base does not affect the family [21,
Definition 4.1.1], so we assume that I∨∨ ∼= OX×S . Thus the natural map I −→ I∨∨ yields an
inclusion of sheaves I →֒ OX×S ∈ Hilb
Q
X(S). This, by its turn, yields a morphism Σ: D
P (X) −→
HilbQ(X) which, by construction, assigns each distribution to its singular scheme.

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In the study of the morphism Σ it is useful to understand its fibers. Let X be as in Theorem
3.2 and let F ∈ DP (X) with Z = Sing(F ). Then any distribution on X singular at Z is defined
by a twisted 1-form ω ∈ H0(Ω1X(c)⊗ IZ). In particular, the fiber of Σ over Z lies inside
P(H0(Ω1X(c)⊗ IZ)).
A priori, the singular scheme of ω could be larger, even of codimension one. However, the locus of
1-forms vanishing only on Z is a (nonempty) Zariski open set, thanks to the flattening stratification
[25, Chapter 8].
Proposition 3.3. Let X be a smooth projective scheme over an algebraically closed ground field
κ. Assume further that Pic(X) ≃ Z. Let F ∈ DP (X). Then the fiber
Σ−1 (Σ(F )) ⊂ P
(
H0(Ω1X(c)⊗ IZ)
)
parameterizing distributions with singular scheme equal to Z is Zariski open.
Proof. Let S = P
(
H0(X,Ω1X(c)⊗ IZ)
)
and consider ωS ∈ H
0
(
XS ,Ω
1
X(c)⊠OS(1)
)
the “tautolog-
ical” 1-form. Then we have the family Z of subschemes defined by
TX(−c)⊠OS(−1)
ωS−→ OXS −→ OZ −→ 0
Note that for each point s ∈ S, the fiber Zs the singular scheme of ωs, the restriction of ωS to the
fiber over s. We may apply the flattening stratification to OZ , [25, Corollary, p.60].
It follows that the map s 7→ χ(OZs(t)) is locally constant. We denote its finite set of values, by
N . Then each f ∈ N corresponds to a stratum Sf whose underlying set |Sf | is composed by the
closed points s ∈ S such that χ(OZs(t)) = f(t). Moreover the Zariski closure of |Sf | is contained
in ∪g≥f |Sg|, where f > g if and only if f(t) > g(t) for t≫ 0.
Let p be the Hilbert polynomial of Z. Note p ∈ N since Z is the singular scheme of F . We have
that Z ⊂ Zs for every s ∈ S (closed) hence p is minimal in N . Therefore Sp ⊂ S is a nonempty
open subscheme. 
Remark 3.4. Note that the tautological 1-form restricted to Sp induces the universal family of the
fiber:
0 −→ TF −→ TXSp
ωSp
−→ IZ ⊗OSp(1)⊠OX(c) −→ 0
4. Syzygies and Distributions on Pn
Recall that the degree of a codimension one distribution F on Pn is geometrically defined by
the tangency between F and a general line L. If a global section of Ω1
Pn
(k) defines F then its
restriction to L defines a degree k− 2 divisor (on L), called the tangency divisor. Thus the degree
is defined by d = k − 2, see [12, section 2.5]. Note that we also have d = 2− c1(TF ).
Given Z the singular scheme of a degree d distribution on Pn, the distributions singular at Z
are defined by twisted 1-forms vanishing on Z. We will now show a correspondence between these
forms and linear first syzygies of the homogeneous ideal I(Z), provided that Z is not contained in
a hypersurface of degree ≤ d.
As a consequence of the classification obtained in [4, Section 8], every codimension one distri-
bution of degree 1 on P3 satisfies the condition posed in the previous paragraph, since h0(IZ(d)) =
h1(TF (−2)) = 0 for every possible tangent sheaf TF . In higher degree, one can show that codimen-
sion one distribution on Pn with zero-dimensional singular scheme also satisfies this hypothesis.
Definition 4.1. A codimension one distribution on Pn is said to be generic if its singular scheme
is a (not necessarily reduced) zero-dimensional subscheme of Pn.
The previous definition is justified by the fact that codimension one distributions of degree d
with zero-dimensional singular scheme form an open subset of P(H0(OPn(d+ 2))).
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Lemma 4.2. Let Z be a zero-dimensional subscheme of Pn. If Z is the singular scheme of a degree
d ≥ 1 distribution then Z is not contained in a hypersurface of degree ≤ d.
Proof. Let IZ be the ideal sheaf of Z. The scheme Z is not contained in a hypersurface of degree
at most d if and only if H0(IZ(d)) = {0}. We will prove the later.
By hypothesis, IZ is the image of a morphism ω : TPn(−d−2) −→ OPn and the associated Koszul
complex is exact. Then we may use it to compute H0(IZ(d)). Twisting the Koszul resolution by
OPn(d) and splitting it into short exact sequences yields the following.
0 −→ OPn((d+ 1)(1− n)) −→
n−1∧
TPn(−(n− 1)(d+ 2) + d) −→ Fn−2 −→ 0
...
0 −→ Fj −→
j∧
TPn(−j(d+ 2) + d) −→ Fj−1 −→ 0
...
0 −→ F1 −→TP
n(−2) −→ IZ(d) −→ 0
Note that, for 1 ≤ j ≤ n− 1 and d ≥ 1,
Hj−1
(
j∧
TPn(−j(d+ 2) + d)
)
= {0}
Then the long exact sequences of cohomology yields the following injections
H0(IZ(d)) →֒ H
1(F1) →֒ · · · →֒ H
n−2(Fn−2) →֒ H
n−1(OPn((d+ 1)(1− n))) = {0}.
This completes the proof. 
Remark 4.3. The previous lemma has a simpler alternative proof in the case n = 3. Let
F : 0 −→ TF −→ TP
3 −→ IZ(d+ 2) −→ 0
be a generic codimension one distribution of degree d on P3; set Z := Sing(F ). Since dimZ = 0,
we have that Ext1(IZ ,OP3) = 0. Thus dualizing the exact sequence above, we obtain the exact
sequence
0 −→ OP3(−d− 2) −→ Ω
1
P3
−→ TF (d− 2) −→ 0
where we used the identity T∨
F
≃ TF (d − 2) valid for rank 2 reflexive sheaves. Using these two
sequences we have that h0(IZ(d)) = h1(TF (−2)) = 0, as desired.
Furthermore, we can also check that if F codimension one distribution on Pn whose tangent
sheaf splits as a sum of line bundles, then Sing(F ) is not contained in a hypersurface of degree d.
However, although examples of codimension one distributions on Pn not satisfying this property
are not known to the authors, it seems quite hard to verify it for arbitrary distributions.
Proposition 4.4. Let Z ⊂ Pn be a closed subscheme and let d ≥ 0 be an integer. Suppose that
Z is not contained in a hypersurface of degree less than or equal to d. Then there exists a linear
isomorphism between the spaces of degree d+2 twisted 1-forms singular at Z and linear first syzygies
of the homogeneous ideal I(Z).
Proof. The space of degree d + 2 twisted 1-forms singular at Z is H0(Ω1
Pn
(d + 2) ⊗ IZ), where
IZ is the ideal sheaf of Z. Consider the saturated homogeneous ideal is I(Z) =
⊕
jH
0(IZ(j)).
By hypothesis, H0(IZ(j)) = {0} for j ≤ d hence the space of linear first syzygies of I(Z) is
TorS1 (I(Z), κ)d+2, where S = κ[x0, . . . , xn].
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Consider the second exterior power of Euler sequence twisted by IZ(d+ 2):
0 −→ Ω2
Pn
(d+ 2)⊗ IZ −→ IZ(d)
⊕(n+12 ) −→ Ω1
Pn
(d+ 2)⊗ IZ −→ 0
which is exact since TorOPn1 (Ω
1
Pn
(d+2), IZ) = {0}. From the long sequence of cohomology we have
that
H0(IZ(d))
⊕(n+12 ) → H0(Ω1
Pn
(d+ 2)⊗ IZ)
φ
−→ H1(Ω2
Pn
(d+ 2)⊗ IZ)→ H
1(IZ(d))
⊕(n+12 )
is exact. We have that φ is injective, by hypothesis, and from [14, Theorem 5.8] the image of φ is
precisely TorS1 (I(Z), κ)d+2. Thus we have the desired isomorphism. 
Now we present this correspondence in an effective way. Fix Z ⊂ Pn a closed subscheme with
ideal sheaf IZ . Suppose, as above, that h0(IZ(d)) = 0. Also fix {G1, . . . , Gr} a (linear) basis of
H0(IZ(d+ 1)).
First let
ω = F0dx0 + · · ·+ Fndxn
be a degree d+2 twisted 1-form vanishing on Z i.e. F0, . . . , Fn ∈ H0(IZ(d+1)). Then Fj =
∑
fijGj
for fij ∈ κ. It follows that
0 = ιRω =
n∑
i=0
xiFi =
r∑
j=1
(
n∑
i=0
xifij
)
Gj
hence (
∑n
i=0 xifi1, . . . ,
∑n
i=0 xifir) provides a first syzygy for any set of generators of I(Z) con-
taining {G1, . . . , Gr}.
Conversely, fix a set of generators of I(Z) of the form {G1, . . . , Gr, H1 . . . , Hk}. Note that
degHj ≥ d+ 2 for every j. Then a linear first syzygy for this set of generators can be written as
(L1, . . . Lr, 0, . . . , 0) for Lj linear homogeneous polynomials. Define
ω =
r∑
j=1
GjdLj .
Note that ιRω =
∑r
j=1GjLj = 0 hence ω defines a twisted 1-form on P
n that is clearly singular
at Z.
Remark 4.5. The discussion above leads to an algorithm to compute the generic 1-form ω van-
ishing on a subscheme Z. It goes as follows: The imput is the ideal I(Z) and the output is the
generic 1-form ω singular at Z.
• Take G = (F0, . . . , Fr) an ordered minimal generating set for I(Z);
• Compute M the matrix of linear syzygies of G and let k + 1 be its number of columns;
• Define additional variables (t0, . . . , tk);
• Return
ω := G · dM · (t0, . . . , tk)
T ,
where dM stands for the entrywise exterior derivative and the dots are matrix products.
To conclude this section we take a closer look at generic codimension one distributions. For
d ≥ n, such distributions are determined by its singular scheme, see [1, Theorem 1.4]. However a
careful reader will notice that their argument works in more generality. Indeed it holds for every
d and n, except for d = 1 and n = 2, 3.
On the other hand, we argue that generic codimension one distributions of degree 1 on P2 or
P3 are not determined by their singular schemes. Indeed, for n = 2 one can easily define non
isomorphic foliations with three nondegenerate singularities in general position, see [5, p. 882].
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For n = 3 we will use our syzygetic approach to show that there exists a 4-dimensional family of
distributions with a given 0-dimensional singular scheme.
Theorem 4.6. Let F be a degree d ≥ 1 distribution on P3. If Z = Sing(F ) is zero-dimensional
then the homogeneous ideal I(Z) has minimal graded free resolution given by
0 −→ S(−3d− 2) −→ S(−2d− 1)4 ⊕ S(−d− 2) −→ S(−d− 1)4 ⊕ S(−2d) −→ I(Z) −→ 0
where S = κ[x0, . . . , x3]. Moreover, the space of distributions singular at Z has dimension 4 if
d = 1 and, if d ≥ 2 then F is the unique degree d distribution singular at Z.
Proof. Let ω =
∑3
j=0 Ajdxj be a 1-form that defines F . We claim that I(Z) = (A0, A1, A2, A3, P )
where P is the Pfaffian of the matrix defined by dω i.e. P = Pf(J − JT ) for J the jacobian matrix
of (A0, A1, A2, A3). It follows that degP = 2d since degAj = d+ 1.
From [24, Corollary 4.9] we have that Z is arithmetically Gorenstein. Then it follows from [3,
Section 4] that I(Z) has a minimal resolution given by
0 −→
5∧
F −→
4∧
F −→ F −→ I+ −→ 0
where F is a free S-module. Therefore F = S(−d− 1)4 ⊕ S(−2d) and the resolution becomes
0 −→ S(−6d− 4+ l)
gT
−→ S(−5d− 3+ l)4⊕S(−4d− 4+ l)
f
−→ S(−d− 1)4⊕S(−2d)
g
−→ I+ −→ 0
where l accounts for the shift made so that every map has degree zero. Since (x0, . . . , x3, 0) is a
first syzygy we can compute l = 3d+ 2 whence follows the statement.
From the degrees in the resolution we can compute the degrees of the entries of the map f to
see that for d ≥ 2 the only linear syzygies are multiples of (x0, . . . , x3, 0). In the case d = 1 we have
−2d− 1 = −d− 2 = −3 and −d− 1 = −2d = −2, hence every entry of f is linear. It follows from
Propositions 4.4 and 3.3 that the space of distributions singular at Z has (projective) dimension 4
if d = 1 and dimension 0 (i.e. F is unique) if d ≥ 2.
Now we prove the claim. Let I = (A0, A1, A2, A3) be the ideal generated by the coefficients of
ω. Recall that I(Z) =
⊕
l∈ZH
0(IZ(l)) is the saturation of I. Since dimZ = 0, the ideal sheaf IZ
has a resolution given by the Koszul complex induced by ω:
0 −→
3∧(
TP3(−d− 2)
)
−→
2∧(
TP3(−d− 2)
)
−→ TP3(−d− 2) −→ IZ −→ 0.
We break it into shot exact sequences that, with the appropriate identifications, are:
0 −→ OP3(−3d− 2) −→Ω
1
P3
(−2d) −→ TF (−d− 2) −→ 0,(3)
0 −→ TF (−d− 2) −→TP
3(−d− 2) −→ IZ −→ 0.(4)
From (4) and the Euler sequence we note that the image of H0(TP3(−d − 2 + l)) → H0(I(l)) is
precisely Il. On the other hand (3) and Bott formulae imply
h1(TF (−d− 2 + l)) =
{
0 l 6= 2d
1 l = 2d
.
Therefore Il = I(Z)l except for l = 2d where the later has one more generator. We only need to
produce this missing generator. Recall that s ∈ I(Z) if there exist m ≥ 1 and a 4 × 4 matrix Q
with coefficients in S such that
s


xm0
...
xm3

 = Q


A0
...
A3

 .
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Let B be the matrix defined by dω so that the Euler relation ιRdω = (d+ 2)ω translates to
B


x0
...
x3

 = (d+ 2)


A0
...
A3

 .
To show that P = Pf(B) ∈ I(Z) we set m = 1 and Q = (qij) where (−1)i+jqij is the Pfaffian of
the submatrix of B obtained by eliminating the rows i, j and the columns i, j. 
From the previous discussion and the Theorem we derive the following corollary.
Corollary 4.7. Let F be a generic codimension one distribution of degree d on Pn. If (d, n) /∈
{(1, 2), (1, 3)} then F is determined by its singular scheme.
Let Dgen(Pn) denote the moduli space of isomorphism classes of generic distributions on Pn,
and set
φ(d, n) :=
∫
Pn
cn(Ω
1
Pn
(d+ 2)) =
(d+ 1)n+1 − (−1)n+1
d+ 2
.
The morphism of Theorem 3.2 then becomes
Σ: Dgen(Pn) −→ Hilbφ(d,n)(Pn)
Corollary 4.7 implies that this morphism is injective when (d, n) /∈ {(1, 2), (1, 3)}. For these two
exceptional cases, we have that Σ is dominant. Indeed, note that φ(1, 2) = 3 and φ(1, 3) = 5.
In both cases the reduced schemes in linear general position are all projectively equivalent. Since
they are dense in the respective Hilbert schemes, we just need to show one example for each. Then
consider the distribution given, in homogeneous coordinates (x0, . . . , xn), by
ω =
n∑
j=0
(xj+1xj − x
2
j−1)dxj
where the indices are taken modulo n+ 1. One may check that the singular scheme is reduced.
On the other hand, Lemma 4.2 implies that Σ: Dgen(Pn) → Hilbφ(d,n)(Pn) is not surjective,
for any (d, n). Precisely determining the image of Σ seems very difficult. For instance, let Z be a
zero-dimensional subscheme of P3 of length 5. In order to be the singular scheme of a degree one
distribution, Z must be nonplanar, arithmetically Gorenstein and locally complete intersection,
see the proof of Theorem 4.6 or [29, p.119]. We wonder if these conditions are also sufficient.
5. Distributions of Degree 1
In this section, we apply Theorem 3.2 and Proposition 4.4 to provide a description of the
irreducible components of the moduli space of codimension one distributions of degree 1 on P3. In
this framework, we can explicitly describe the image of the morphism DP (P3) → HilbQ(P3) and
compute its fibers.
In order to proceed with our intentions, let us recall the classification of codimension one dis-
tributions F of degree 1 on P3 obtained in [4, Section 7]. Such distributions are given by exact
sequences of the following form
(5) 0 −→ TF −→ TP
3 −→ IZ(3) −→ 0
and the classification was given in terms of the Chern classes of the tangent sheaf TF . It was
shown that the TF either splits as a sum of line bundles or is µ-stable; the relevant information is
summarized in Table 1.
We already looked at the generic distributions (corresponding to the first line) in the end of the
previous section. We analyze each of the other three cases in the three subsequent sections below.
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5.1. Twisted Cubic. Let D(0, 0) be the scheme parameterizing isomorphism classes of codimen-
sion one distributions F of degree 1 on P3 such that (c2(TF ), c3(TF )) = (0, 0); according to the
classification outlined in Table 1, we have that tangent sheaf splits as a sum of line bundles; in fact,
TF = OP3 ⊕OP3(1). It follows from [4, Corollary 8.9] that C := Sing(F ) is arithmetically Cohen-
Macaulay curve (aCM, for short) of degree 3 and genus 0, that is, C is a, possibly degenerate,
twisted cubic.
Let H be the irreducible component of Hilb3t+1(P3) that contains twisted cubics (recall that
Hilb3t+1(P3) has a second irreducible component whose generic point corresponds to a plane cubic
plus a point). There exists a map f : H −→ Grass3(H0(P3,OP3(2))) sending a curve to the net of
quadrics that defines it. The image of the space of determinantal nets and f is an isomorphism on
the aCM open subset, see [15, 30]. On the other hand, one can easily list the possible irreducible
components of an aCM degree three curve. The nonreduced ones are supported on lines and such
multiple structures are described in [27]. It follows that aCM degree three curves defined by a
determinantal net of quadrics are projectively equivalent to one of the following:
(1) I = (xz − y2, xw − yz, yw − z2) a twisted cubic;
(2) I = (xz − y2, xw, yw) a conic meeting a noncoplanar line;
(3) I = (xw, xy, yz) three noncoplanar lines meeting twice;
(4) I = (xy, xz, yz) three noncoplanar concurrent lines;
(5) I = (x2, xz, yz) a planar double line meeting a line not in its plane;
(6) I = (x2, xw, xz − yw) a double line of genus -1 meeting a line;
(7) I = (x2 − yz, xz, z2) a triple line in a quadratic cone;
(8) I = (x2, xy, y2) a thick line of degree three.
Next, we use the results in the previous section to describe D(0, 0) in terms of the morphism
Σ: D(0, 0) → H and compute its dimension. For each ideal I listed above, we compute a generic
1-form vanishing at V (I), showing that the image of the of the morphism Σ: D(0, 0) → H is
precisely the open subset U ⊂ H consisting of non planar aCM curves apart from triple lines in
case (8). We then find that the space of linear first syzygies of the ideals in the list above have,
in all cases, dimension equal to 2, thus, according to Proposition 3.3 and Theorem 4.4, the fibers
of Σ are open subsets of P1. We infer that they are of the form D+(h) for some homogeneous
polynomial h ∈ C[t0, t1]. As a consequence of the theorem on the dimension of the fibers, we
conclude that D(0, 0) is irreducible and
dimD(0, 0) = dimH + 1 = 13.
Moreover, one can apply Proposition 3.1 to check that D(0, 0) is smooth, since
Ext1(TF , IZ(3)) = H
1(IZ(3))⊕H
1(IZ(2)) = 0.
Using the procedure outlined in Remark 4.5, we can find explicit expressions for 1-forms vanish-
ing at each of the possible ideals listed above. In addition, since the tangent sheaf is OP3 ⊕OP3(1),
there exists a constant vector field that is tangent to each distribution. All of this information
(generic 1-form vanishing at V (I), vector field and polynomial h) is listed in Table 2.
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Case Generic 1-form Vector field h
(1)
ω = t1(z
2 − yw)dx + (t0(z2 − yw)− t1(yz − xw))dy+
+(t1(y
2 − xz)− t0(yz − xw))dz + t0(y2 − xz)dw
t30∂x + t
2
0t1∂y+
+t0t
2
1∂z + t
3
1∂w
1
(2)
ω = −t0ywdx + (t1yw + t0xw)dy + t1xwdz
−t1(y2 − xz)dw
t21∂x + t0t1∂y+
+t20∂z
t1
(3) ω = t1yzdx− t0xwdy − t1xydz + t0xydw t0∂z + t1∂w t0t1
(4) ω = t0yzdx+ t1xzdy − (t0 + t1)xydz ∂w t0t1(t0 + t1)
(5) ω = (t0yz + t1xz)dx− t0xzdy − t1x2dz ∂w t0t1
(6)
ω = (t0xw + t1(yw − xz))dx− t1xwdy + t1x2dz+
−t0x2dw
t0∂z + t1∂w t1
(7) ω = (t0z
2 + t1xz)dx− t1z2dy − (t0xz + t1(x2 − yz))dz ∂w t1
Table 2. Classification of distributions with singular scheme in Hilb3t+1(P3).
The case (8) does not figure in the table above because a 1-form singular at such scheme is
singular in codimension one. Indeed, the generic 1-form is ω = (t0y + t1x)(ydx − xdy). We also
note that the integrable distributions, i.e. foliations, that arise in this case must be of linear
pullback type LPB(1). A direct inspection shows that these are precisely the cases (4), (5) and
(7). Our conclusions can therefore be summarized in the following statement.
Theorem 5.1. Let D(0, 0) be the scheme parameterizing distributions (up to isomorphism) on
P3 of codimension and degree 1 whose tangent sheaf is locally free. Let also H be the irreducible
component of Hilb3t+1(P3) containing twisted cubics. Then:
(i) There is a surjective morphism Σ: D(0, 0) → U , the open set consisting of non planar
aCM curves in H which are not of type (8), which assigns each F ∈ D(0, 0) to its singular
scheme, and such that each fiber Σ−1(C) is naturally isomorphic to an open set of P1.
(ii) D(0, 0) is an irreducible, smooth quasi-projective variety of dimension 13.
(iii) There exists a map v : D(0, 0) → P3 that assigns to each F ∈ D(0.0) a constant vector
field v(F ) ∈ P3 which is tangent F . Moreover, for any C ∈ U , the closure of the image
v(Σ−1(C)) describes a rational normal curve of degree d in some Pd ⊂ P3, where:
(a) d = 3 if and only if C is a twisted cubic.
(b) d = 2 if and only if C is a conic meeting a noncoplanar line;
(c) d = 1 if and only if C is three noncoplanar lines meeting twice;
(d) d = 0 if and only if C is three noncoplanar concurrent lines;
(iv) F is integrable if and only if Sing(F ) falls in cases (4), (5) or (7). In this case F is a
linear pullback foliation.
5.2. Line and Two Points. The Hilbert scheme Hilbt+3(P3) of configurations of a line and two
points is an irreducible variety of dimension 10, see [11, Example 4.5]. The possible configurations
arise by simply adding two points to a line X . The resulting scheme is always a flat limit of
X plus two isolated points, [11, Theorem 1.4]. Since we are concerned with nonplanar schemes
V (I) ∈ Hilbt+3(P3), we may consider, up to projective equivalence, the I listed below:
(1) I = (x, y) ∩ (x, z, w) ∩ (y, z, w) = (yw, xw, yz, xz, xy), a line and two points;
(2) I = (x, y) ∩ (x, y2, z) ∩ (y, z, w) = (xw, yz, xz, y2, xy), a line and two points but one
embedded;
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(3) I = (x, y) ∩ (x, y2, z) ∩ (x2, y, w) = (xw, yz, x2, y2, xy), a line with two simple embedded
points;
(4) I = (x, y) ∩ (x2, z, w) = (yw, xw, yz, xz, x2), a line and a double point;
(5) I = (x, y) · (x, y, z) = (x2, xy, xz, y2, yz), a line with embedded double point.
The corresponding ideal sheaves have all the same resolution:
(6) 0 −→ OP3(−4)
⊕2 −→ OP3(−3)
⊕6 −→ OP3(−2)
⊕5 −→ IZ −→ 0
In particular, one can check that hi(IZ(k)) = 0 for i > 0 and k > 0.
Now we analyze each of the cases raised above following the same procedure outline in the
previous subsection. Generic 1-forms vanishing at V (I) for the ideals in items (1) through (5)
are obtained following the algorithm given in Remark 4.5; however, every 1-form vanishing at a
scheme Z = V (I) for an ideal I of type (5) also vanishes along three concurrent lines meeting at
the embedded double point, implying that the corresponding morphism TP3 → IZ(3) cannot be
surjective; the explicit expression is in display (7) below. It thus follows that the image of the
morphism Σ: D(1, 1) → Hilbt+3(P3) is the open subset U ⊂ Hilbt+3(P3) consisting of nonplanar
schemes without embedded double point (that is, the complement of the families of schemes of
type (5) and the planar ones).
Furthermore, we also compute the dimension of the the fibres of Σ using Proposition 4.4; it
turns out that the h0(Ω1
P3
⊗ IZ(3)) = 6 for each possible scheme Z. Finally, the open subsets
giving the fibers of the morphism Σ are of the form D+(h), for some homogeneous polynomial
h ∈ C[t0, . . . , t5]. We list these polynomials in Table 3 below, together with the generic 1-form of
each case.
Case Generic 1-form h
(1)
ω = (t2yw + t4yz)dx+ (t3xw + t5xz)dy+
+(t0yw + t1xw − (t4 + t5)xy)dz+
−(t0yz + t1xz + (t2 + t3)xy)dw
t0t1(t3t4 − t2t5)
(2)
ω = (t3yz − t5y2)dx+ (t1yz + t2xw + t4xz + t5xy)dy+
+(t0xw − t1y2 − (t3 + t4)xy)dz − (t0xz + t2xy)dw
t0t3(t0t5 − t2t3)
(3)
ω = (t2yz + t3y
2 + t4xw + t5xy)dx+
+(t0yz + t1xw − t3xy − t5x2)dy+
−(t0y2 + t2xy)dz − (t1xy + t4x2)dw
t0t4(t1t2 − t0t4)
(4)
ω = (t0yw + t3yz + t4xw + t5xz)dx− (t0xw + t3xz)dy+
+(t1yw + t2xw − t5x2)dz − (t1yz + t2xz + t4x2)dw
t1(t4t3 − t0t5)
Table 3. Classification of distributions with singular scheme in Hilbt+3(P3).
We remark that the generic 1-form in case (5) is
(7) ω = (t1xz + t3y
2 + t4xz + t5xy)dx + (t0yz + t2xz)dy − (t0y
2 + (t1 + t2)xy + t4x
2)dz.
Since it does not depend on w, it defines a family of linear pullback foliations. Each general member
is singular at three lines crossing at the double point.
Theorem 5.2. D(2, 2), the scheme parameterizing isomorphism classes of codimension one dis-
tributions F of degree 1 on P3 such that (c2(TF ), c3(TF )) = (2, 2), is an irreducible smooth
quasi-projective variety of dimension 15. The image of the morphism Σ: D(2, 2)→ Hilbt+3(P3) is
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the open subset the open subset consisting of nonplanar schemes without an embedded double point,
and its fibers are open subsets of P5.
The second part of the previous theorem was proved above, and it implies, by the theorem of the
dimension of the fibres, that D(2, 2) is an irreducible quasi-projective variety of dimension 15. In
order to show thatD(2, 2) is smooth, we argue, using Lemmata A.1 and A.2, that dimT[F ]D(2, 2) =
15 for every F ∈ D(2, 2). Indeed, note that T∨
F
is a rank 2 stable reflexive sheaf with Chern classes
(c1(T
∨
F
), c2(T
∨
F
), c3(T
∨
F
)) = (−1, 2, 2) so we can see from [10, Table 2.6.1] that
h1(T∨F (k)) = 0 for k 6= 0, h
2(T∨F (k)) = 0 for k ≥ −1 and h
3(T∨F (k)) = 0 for k ≥ −4.
We can then apply the functor · ⊗ T∨
F
(3) to the resolution in display (6), keeping in mind item
(2) of Lemma A.1, to conclude that hi(T∨
F
⊗ IZ(3)) = 0 for i > 0, thus Ext
i(TF , IZ(3)) = 0 for
i > 1 and
Ext1(TF , IZ(3)) ≃ H
0(Ext1(TF ,OP3)⊗ IZ(3)) ≃ H
0(Ext3(OZ ,OP3)⊗ IZ),
with the last isomorphism coming from the sequence that defines the distribution, namely (5). The
expression in display (17) gives, in the case at hand,
dimHom(TF , IZ(3)) = χ(TF , IZ(3)) + h
0(Ext3(OZ ,OP3)⊗ IZ) = 9 + 6 = 15,
with the two quantities in the middle being computed using (16) and Lemma A.2.
To compute χ(TF , IZ(3)) we need to compute ch(TF )
∨ and ch(IZ(3)). Since we have c1(TF ) =
1, c2(TF ) = c3(TF ) = 2, c1(IZ(3)) = 3, c2(IZ(3)) = 1 and c3(IZ(3)) = −5, it follows that
ch(TF )
∨ =
(
2,−1,− 32 ,−
1
6
)
and ch(IZ(3)) =
(
1, 3, 72 ,
1
2
)
. Therefore χ(TF , IZ(3)) = 9.
Finally we compute h0(Ext3(OZ ,OP3)⊗ IZ) = length Ext
3(OZ ,OP3)⊗ IZ . We know that Z is
composed by a line L and two points p1 and p2. Table 3 shows that either: p1, p2 6∈ L are isolated
points; p1 /∈ L and p2 ∈ L is a simple embedded point; p1, p2 ∈ L are simple embedded points; or
p1 = p2 /∈ L is a double point. In any case, Lemma A.2 yields h0(Ext
3(OZ ,OP3)⊗ IZ) = 6.
5.3. Conic and One Point. Recall that the Hilbert Scheme Hilb2t+2(P3) consists of two irre-
ducible components: one component contains two skew lines, while the other contains non pure
schemes consisting of a conic plus a point; let H denote this second component. One can show
that H is a smooth irreducible variety of dimension 11, see [11, Example 4.6(b)]. We will only
consider the configurations where the point (embedded or not) does not lie on the same plane as
the conic. Then, up to projective equivalence, they are listed below:
(1) I = (xy − z2, w) ∩ (x, y, z) = (zw, yw, xw, xy − z2), a conic and a point;
(2) I = (xy, w) ∩ (x, y, z) = (zw, yw, xw, xy), a pair of concurrent lines and a point;
(3) I = (z2, w) ∩ (x, y, z) = (zw, yw, xw, z2), a planar double line and a point;
(4) I = (xy − z2, w) ∩ (y, z, w2) = (w2, zw, yw, xy − z2), a conic and an embedded point;
(5) I = (xy, w) ∩ (x, z, w2) = (w2, zw, xw, xy), a pair of concurrent lines and an embedded
point in the smooth locus;
(6) I = (xy, w) ∩ (x, y, w2) = (w2, yw, xw, xy), a pair of concurrent lines and an embedded
point in the singular locus;
(7) I = (z2, w) ∩ (y, z, w2) = (w2, zw, yw, z2), a planar double line and an embedded point.
The corresponding ideal sheaves have all the same resolution:
(8) 0 −→ OP3(−4) −→ OP3(−3)
⊕4 −→ OP3(−2)
⊕4 −→ IZ −→ 0
Again, one can check that hi(IZ(k)) = 0 for i > 0 and k > 0.
Now we analyze each of the cases listed above following the procedure outlined in the previous
subsections. Generic 1-forms vanishing at V (I) for the ideals in items (1) through (7) are obtained
using the algorithm described in Remark 4.5; we then find that every 1-form vanishing at a scheme
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Z = V (I) for ideals I of type (6) or (7) also vanishes along three concurrent lines, meaning that
the corresponding morphism TP3 → IZ(3) cannot be surjective; the explicit expressions are in
display (9) below. It thus follows that the image of the morphism Σ: D(2, 2) → H is the open
subset U ⊂ H consisting of nonplanar schemes which are not of type (6) or (7).
Finally, one can check that the dimension of the space of linear syzygies of the ideals of type
(1) through (5) is equal to 4, thus the fibers of Σ: D(2, 2) → H are open subsets of P3 the form
D+(h) for some homogeneous polynomial h ∈ C[t0, t1, t2, t3]. We provide explicit expressions for
the generic 1-form and corresponding polynomials h in Table 4.
Case Generic 1-form h
(1)
ω = w(t1z + t2y)dx+ w(t0z + (t3 − t2)x)dy+
−w(t0y + t1x+ t3z)dz + t3(z2 − xy)dw
t3(t0t1 + t
2
2 − t2t3)
(2)
ω = w(t1z + t2y)dx+ w(t0z + t3x)dy+
−w(t0y + t1x)dz − (t2 + t3)xydw
t0t1(t2 + t3)
(3)
ω = w(t1z + t2y)dx+ w(t0z − t2x)dy+
−w(t0y + t1x− t3z)dz − t3z2dw
t2t3
(4)
ω = t3wydx+ w(t1w + t2z)dy + w(t0w − t2y − t3z)dz+
−(t0zw + t1yw + t3(xy − z2))dw
t3(t0t2 + t1t3)
(5)
ω = w(t1w + t2z)dx+ t3xwdy+
+w(t0w − t2x)dz − (t0zw + t1xw + t3xy)dw
t0t2t3
Table 4. Classification of distributions with singular scheme in Hilb2t+2(P3).
Note that cases (6) and (7) do not figure in the table. The generic 1-forms are, respectively:
(9)
ω6 = w(t1w + t2y)dx+ w(t0w + t3x)dy − (t0yw + t1xw + (t2 + t3)xy)dw,
ω7 = w(t1w + t2z)dy + w(t0w − t2y + t3z)dz − (t0zw + t1yw + t3z
2)dw.
They depend on three variables, hence they define families of linear pullback foliations. Each
general member of either family is singular at three concurrent lines, the third one passing through
the embedded point.
It is worth pointing out the integrable distributions, i.e. foliations, in this case. These are the
rational foliations R(2, 1). Since the singular scheme of such foliations are composed of a smooth
conic and a point, we only need to compute the Frobenius integrability condition ω∧dω = 0 in case
(1). It follows that the integrable distributions are those that satisfy t0 = t1 = 0. In particular,
we have that R(2, 1) is smooth. In [13, Theorem 2.1] is proved that the irreducible component
R(2, 1) is generically smooth.
Theorem 5.3. Let D(1, 1) be the scheme parameterizing isomorphism classes of codimension one
distributions F of degree 1 on P3 such that (c2(TF ), c3(TF )) = (1, 1). Then the image of the
morphism Σ: D(1, 1) → H is the open subset consisting of non planar schemes in H which are
neither of type (6) nor of type (7) in the list above, and its fibers are open subsets of P3. In
addition:
(1) D(1, 1) is an irreducible smooth quasi-projective variety of dimension 14.
(2) D(1, 1) contains R(2, 1) as a codimension two subset; the image of the restricted morphism
Σ: R(2, 1)→ H is the open subset consisting of the schemes of type (1) in the list above,
and its fibres are open subsets of P1.
MODULI OF DISTRIBUTIONS VIA SINGULAR SCHEMES 17
It was already shown in [4, Proposition 11.2] that D(1, 1) is smooth but here we give a different
proof. Our strategy is to show that dimT[F ]D(1, 1) = dimD(1, 1) for every F ∈ D(1, 1). As it
was pointed out in [4, proof of Theorem 8.5], the tangent sheaf TF admits the following resolution
(10) 0 −→ OP3(−1)
µ
−→ O⊕3
P3
−→ TF −→ 0.
Applying the functor Hom( · , IZ(3)) to this sequence we get
0 −→ Hom(TF , IZ(3)) −→ H
0(IZ(3))
⊕3 µ˜−→ H0(IZ(4)) −→ Ext
1(TF , IZ(3)) −→ 0,
since h1(IZ(3)) = 0. Therefore
dimHom(TF , IZ(3)) = 3 h
0(IZ(3))− h
0(IZ(4)) + dimExt
1(TF , IZ(3)).
Since h0(IZ(3)) = 12 and h0(IZ(4)) = 25 we only need to show that dimExt
1(TF , IZ(3)) = 3.
We will use Lemmata A.1 and A.2 to achieve that.
Note that T∨
F
= TF (−1), since TF is a rank 2 reflexive sheaf with c1(TF ) = 1, thus T∨F⊗IZ(3) =
TF ⊗ IZ(2). Tensoring the exact sequence (10) with IZ(2) and passing to cohomology, we get
Hi(IZ(2))
⊕3 −→ Hi(TF ⊗ IZ(2)) −→ H
i+1(IZ(1)),
but we already observed right after display (8) that hi(IZ(k)) = 0 for i > 0 and k > 0, thus
hi(TF ⊗ IZ(2)) = 0 for i > 0. Item (5) in Lemma A.1 yields
dimExt1(TF , IZ(3)) = h
0(Ext1(TF ,OP3)⊗ IZ(3)) = h
0(Ext3(OZ ,OP3)⊗ IZ)
and this is just the length of Ext3(OZ ,OP3)⊗ IZ which will be computed with Lemma A.2.
We know that Z is composed by a conic C and a point p. If p 6∈ C then IZ,p = mp the maximal
ideal at p. If p ∈ C i.e. an embedded point for Z. From the table 4 we know that we only need to
treat the case where C is reduced and p is embedded in the regular part. In either case, Lemma
A.2 shows that the length is three hence dimExt1(TF , IZ(3)) = 3.
Appendix A. Tensor-Hom Relation for Sheaves
If M and N are modules over a commutative ring R, then there is a canonical morphism of
R-modules
M∨ ⊗N −→ HomR(M,N)
u⊗ y 7−→ (x 7→ u(x)⊗ y)
see [2, Chapter II §4.2]. Now, given sheaves F and G on a variety X , the previous observation
leads to the following morphism of sheaves
η : F∨ ⊗G −→ Hom(F,G)
which we call Tensor-Hom relation. The following technical lemma is useful in our proof of smooth-
ness for D(2, 2) and D(1, 1).
Lemma A.1. Let X be a smooth projective threefold and let F and G be sheaves on X. If F is
reflexive and G is torsion free then:
(1) Ext1(F,G) ≃ Ext1(F,OX)⊗G;
(2) Tor1(F,G) = 0;
(3) The morphism η is surjective and the induced cohomology map Hi(F∨⊗G)→ Hi(Hom(F,G))
is surjective for i = 0 and an isomorphism for i ≥ 1;
(4) η is an isomorphism if either Sing(F ) ∩ Sing(G) = ∅ or G is reflexive;
(5) if Hi(F∨⊗G) = 0 for i > 0, then Ext1(F,G) = H0(Ext1(F,OX)⊗G) and Ext
i(F,G) = 0
for i > 1.
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Proof. Since F is reflexive, it admits a resolution of the form
(11) 0 −→ L1
µ
−→ L0 −→ F −→ 0,
where L1 and L0 are locally free sheaves. Applying the functor · ⊗G to this sequence we get
0 −→ Tor1(F,G) −→ L1 ⊗G
µ⊗1G
−→ L0 ⊗G −→ F ⊗G −→ 0.
Note that L0⊗G is torsion free, while the support of Tor1(F,G) is contained in Sing(F )∩Sing(G).
Then Tor1(F,G) ⊂ L1 ⊗G is only possible if Tor1(F,G) = 0. This proves (2).
Dualizing the sequence in display (10), we obtain
0 −→ F∨ −→L∨0
µ∨
−→ K −→ 0,(12)
0 −→ K −→L∨1 −→ Ext
1(F,OX) −→ 0,(13)
where K := imµ∨. On the one hand, we apply the functor · ⊗G to the sequence in display (12)
and obtain
(14) 0 −→ Tor1(K,G) −→ F
∨ ⊗G −→ L∨0 ⊗G
µ∨⊗1G
−−−−−→ K ⊗G −→ 0
On the other hand, the apply the functor Hom( · , G) to the sequence in display (11) to obtain
(15) 0 −→ Hom(F,G) −→ L∨0 ⊗G
µ∨⊗1G
−−−−−→ L∨1 ⊗G −→ Ext
1(F,G) −→ 0.
As tensor product preserves cokernels, we get that Ext1(F,G) ≃ Ext1(F,OX) ⊗ G. This proves
(1).
The sequence (15) also shows that kerµ∨ ⊗ 1G = Hom(F,G) and the sequence in display (14)
induces
0 −→ Tor1(K,G) −→ F
∨ ⊗G
η
−→ Hom(F,G) −→ 0.
In the same fashion, we apply the functor · ⊗G to the sequence in display (13) to obtain
Tor2(Ext
1(F,OX ), G) ≃ Tor1(K,G);
if Sing(F )∩Sing(G) = ∅, then Tor2(Ext1(F,OX), G) = 0 hence η is an isomorphism. Alternatively,
item (2) also implies that Tor1(K,G) = 0 when G is reflexive, since the sequence (12) implies that
K is torsion free. This completes the proof of item (4).
Moreover, Tor1(K,G) is a zero-dimensional sheaf whenever non trivial, so the induced cohomol-
ogy map
Hi(F∨ ⊗G) −→ Hi(Hom(F,G))
is surjective for i = 0 and an isomorphism for i ≥ 1. This completes the proof of (3).
Finally, the item (5) is an immediate consequence of the spectral sequence for local to global
Ext’s. Indeed, if hi(F∨ ⊗ G) = 0 for i > 0, then hi(Hom(F,G)) = 0 in the same range by item
(3). Since dim Extj(F,G) = 0 due to the fact that F is reflexive, the only nontrivial entries in the
second page of the spectral sequence Eij2 = H
i(Ext j(F,G)) occur for (i, j) = (0, 0), (0, 1), thus, in
addition, all differential dij2 must vanish. It follows that E
ij
2 = H
i(Extj(F,G)) already converges
in the second page, therefore Ext1(F,G) = H0(Ext1(F,G)) and Extk(F,G) = 0 for k = 2, 3. 
Next, we recall the following version of the Hirzebruch–Riemann–Roch theorem, compare with
[21, Lemma 6.1.3]:
(16) χ(E,F ) :=
∑
k
(−1)k dimExtk(E,F ) =
∫
X
ch(E)∨ · ch(F ) · td(X)
If we know that Extk(E,F ) = 0 for k > 1 (situation described in the Lemma A.1), then
(17) dimHom(E,F ) = χ(E,F ) + dimExt1(E,F ).
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The calculation of dimExt1(E,F ) in our examples will rely on the following technical fact from
commutative algebra.
Lemma A.2. Let κ be a field and let R = κ[x, y, z](x,y,z) be the local ring at the origin of A
3
κ. Let
I ⊂ R be an ideal, then
dimκ Ext
3
R(R/I,R)⊗RI =


3, if V (I) is the closed point;
3, if V (I) is a smooth rational curve with a simple embedded point;
6, if V (I) is a double point.
Proof. First assume that I = (x, y, z) the maximal ideal. Therefore Ext3R(R/I,R) = R/I and
Ext3R(R/I,R)⊗R I =
(x, y, z)
(x, y, z)2
≃ κ3.
Next assume that V (I) is a smooth rational curve with a simple embedded point. Up to
automorphism of R we can suppose that I = (x, y) ∩ (x2, y, z) = (x2, xz, y) which gives the
following resolution
0 −→ R


−y
−x
z


−−−−−→ R3


z 0 y
−x y 0
0 −xz −x2


−−−−−−−−−−−−−−−→ R3
(
x2 xz y
)
−−−−−−−−−−→ R −→ R/I −→ 0
Therefore Ext3R(R/I,R) is determined by the leftmost map in this sequence, indeed it is the
cokernel of its dual i.e. Ext3R(R/I,R) = R/(x, y, z). It follows that
Ext3R(R/I,R)⊗R I =
(x2, xz, y)
(x2, xz, y) · (x, y, z)
=
(x2, xz, y)
(x3, x2z, x2z, xy, y2, yz)
≃ κ3.
Now consider that V (I) is a double point. We will follow the same path. Up to automorphism,
I = (x, y, z)2 + (x, y) = (x, y, z2). Then we have the resolution
0 −→ R


x
y
z2


−−−−→ R3


0 z2 −y
−z2 0 x
y −x 0


−−−−−−−−−−−−−−→ R3
(
x y z2
)
−−−−−−−−−→ R −→ R/I −→ 0
and it follows that Ext3R(R/I,R) = R/I. Therefore
Ext3R(R/I,R)⊗R I =
I
I2
=
(x, y, z2)
(x2, xy, xz2, y2, yz2, z4)
≃ κ6.
We can give a basis taking the classes of {x, y, z2, xz, yz, z3}. 
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